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one. There is a natural determinant epimorphism det: K 0 (A) -»Pic (A) defined by det ([P]) = A*(P) where n = rank P. We denote the kernel of this map by SK 0 (A) . Clearly SK 0 (A) = 0 iff every finitely generated projective A-module stably has the form free 0 rank one. In this case P is stably isomorphic to A n~ι 0 Λ n {P). A commutative square of rings is cartesian if g^ix) = g 2 (y) implies there is a unique ze A with f t (z) = x and / 2 (z) = #. THEOREM 2.1 (Milnor [10] ). Given a cartesian square of rings with g x surjective, the following ("Mayer-Vietoris") Using the natural determinant maps, sequences (1) and (2) may be connected to obtain the following commutative diagram with exact rows and columns. 
. ( 3) If h is an isomorphism, then SK^B) w S.Ko(A).
We review a localization technique due to Seshadri which will be used in §IV. For details one may consult [4] . A set S of ideals of A is multiplicative if I, Je S implies IJeS.
A prime ideal P is special if P is invertible and AjP is a PID for which E(n, AjP) = SL (n, A/P) for all n. A multiplicative set of ideals is special if it is generated by special prime ideals. If S is any multiplicative set of invertible ideals, we define S^A = U/es-f" The next two lemmas will also be used in §IV. I do not know a reference for Lemma 2.6, however compare [16, p. 7 [16, p. 6 ]. Each Λf < ί J£(s), so Z(β) is 0-dimensional and hence finite, say Z{s) -{I ίf , IJ. Rank P ^ 2, so as above we may choose t 6 P such that (1) ί(/ t ) ^ 0 for 1 ^ i ^ I, (2) ί and s form part of a basis for P/IP, and (3) s(M*) and t(M t ) are linearly independent for As above Z(β, t) = {Me max (A)|s(M) and ί(Af) are linearly dependent} is finite. Let Y = Z(s, t)\Z{s) = {J 19 , J m ), then pick 0 Φ ae (Jx Π n e/JVΛ U U I*), or let a = 1 if Y" = ^. Let u = s + at, then u(M) Φ 0 for all Me max (A), so Au is a direct summand of P [16, p. 6] . Note that u -s + at is part of a basis for P/IP. [X, Y] generated by monomials arise naturally as either the ring of invariants of an automorphism of B of finite order or as the kernel of a ^-derivation of B when chark = p Φ 0. Clearly if A is as above, then A c B is integral, so not all affine normal subrings of B generated by monomials are one of these two types. However, over an algebraically closed field of chark = 0, any affine normal subring of B generated by monomials is isomorphic to B G where G is the cyclic group generated by an automorphism of the form φ: JXΊ-> aX, Y\-*bY, a,bek. We state the following three propositions without proof; for details see [1] PROPOSITION 
Let A be an affine subring of B = k[X, Y\ generated by monomials with AaB integral. Then A, the integral closure of A, is also an affine subring of B generated by monomials. The conductor of A/A contains a nonzero monomial.
We recall that sing (A) = {P e spec (A) | A p is not regular}. If A is an affine normal domain of dim 2, then sing (A) is a closed subset of spec (A) of dim 0, and hence finite [9, p. 245] . If in addition A c k [X, Y] is generated by monomials, we can explicitly describe sing (A). PROPOSITION 
Let A be an affine normal subring ofB = k[X, Y] generated by monomials with AaB integral and A not regular. Then the origin is the only singularity of A y that is,
Proof. The proof of Proposition 3.1 [2, Thm. 2.5] shows that the isomorphism is just a change of variables which does not change the origin. Thus we may assume that Proof. Let P be a protective A-module. If P is not finitely generated, then P is free by a result of Bass [5] or Hinohara [8] . So we may assume that P is finitely generated.
If dim A = 1, then by Serre's theorem [4, p. 173] , P has the form free0rank one. But Pic (A) = 0 by Lemma 2.5, so Pis free. Thus, we may assume that dim A = 2. By Propositions 3.1 and 3.2 we may assume that For each 0 Φ b e A; Q b is an invertible ideal such that A/Q 6 is a euclidean ring, and thus E(n, A/Q b ) = SL (n, A/Q b ) for all n. Thus each Q b is a special prime ideal. Let S be the multiplicative set generated by the Q b for 0 Φ b e k. We show that all finitely generated protective S^A-modules have the form free 0 rank one.
Let / = (YB n A)S~1A and Z = max (S~lA\V(I) ). S kills all the maximal ideals (X -α, 7-5)nA when 6^0; so dim Z <^ 1.
A/( Γΰni)^ fc [ Γ] and S" 1 A// ^ S~\A/ YB n A) , so Pic (S^A/I) -0 also. Thus all finitely generated projective S^A/Imodules are free. By Lemma 2.6 all finitely generated projective S^A-modules have the form free 0 rank one. Thus all finitely generated projective A-modules have the form free 0 rank one by Corollary 2.4. But Pic (A) = 0, so all finitely generated projective A-modules are free.
Seshadri [17] first showed that all finitely generated projective k[X, Y]-modules are free. Murthy and Pedrini [12] showed that all finitely generated projective A-modules are free if
Our result generalizes these. Quillen [15] and Suslin have recently, and independently, proved Serre's problem. That is, all finitely generated projective k [X lf , X n ]-modules are free. The following conjecture thus seems reasonable.
Conjecture. Let A be an affine normal subring of k [X 19 • ••, X n ] generated by monomials, then all finitely generated projective Amodules are free.
We can however prove a weaker version of this conjecture. First a result which follows from Quillen's work [15] . The author learned of this result in a course given by R. G. Swan. PROPOSITION 
Let A be a commutative ring and f e A[X] a monic polynomial. Let P and Q be finitely generated projective A[X]-modules with
(1) Q is extended from A.
(2) /QcPcQ. Then P and Q are isomorphic.
Proof (sketch). The proof is similar to that of [15, Thm. 3 
], Let A(X) denote the localization of A[X] with respect to the multiplicative system of monic polynomials. Let Q ^ Q o <g^ A[X]. Since / 6 A[X] is monic, by (2), P ® A[X} A(X) ~ Q ® ΛU1 A{X) ~ Q o ® A A(X).
Then as in [15, Thm. 3] , P is extended from A, say P^ P o ®^ A [X] . Thus P o f* Q o , and so P^Q. THEOREM 
Let A be an affine normal subring of k [X, Y\ generated by monomials, then all finitely generated projective A[X ίf
, X n ]-modules are free.
Proof. By induction on n, the case n = 0 is just Theorem 4. 
(A) = ker (K Q (A[T]) -+ K 0 (A)), induced by ΓHO. In fact, it is an open question if NK Q (A) = 0 for all normal domains.

5* Projective modules over subrings of k[X, Y]
generated by monomials* If we drop the assumption that A is normal, all finitely generated projective A-modules need not be free. . We have the following cartesian square.
Here I = {X 2 , X 3 )B is contained in the conductor ideal and ε 2 = 0. By (1) Of course all finitely generated projective A-modules may be free even though A is not normal. 
Proof. Clearly ^Ia^IBf)A.
Let Pespec(A) with I a P. A cB is integral, so there is a Pe spec (B) with P = PΠi. Ic PaP, so /βcP. Thus ^TBCZP and ^TZ? n AcPfl A=P. So vΎ= Proof. This follows from the following well-known result. Let M be a finitely presented A-module, then there is a noetherian subring R of A and a finitely presented 12-module M f with M« ΛΓ (x) Λ A. If M is projective, M' may also be chosen to be protective.
Theorem 5.5 is rather unsatisfying because it does not say that any finitely generated projective A-module has the form free 0 rank one, but only that this is stably true. Since dim A ^ 2, by Bass' Cancellation Theorem [4, p. 184] , if rankP = w^3, then actually P w A n~ι 0 Λ\P). If rank P = 2, we only have Pφi^i 2 ® A\P). If k is algebraically closed, by a cancellation theorem of Murthy and Swan [13] , P P* A n~ι 0 Λ n (P). I know of no examples where P96
If Pic (A) = 0, then all finitely generated projective A-modules are stably free. If sr (A) ^ 2, then £7(3, A) acts transitively on U 3 (A) = {(α 0 , α x , α 2 ) 6i 3 |(α 0 , α w α 2 ) unimodular}, so all finitely generated projective A-modules are free. This happens when k is algebraic over a finite field [18, p. 45] . We next show that this also happens whenever 1/2 6 k.
We recall a few definitions. (A) given by [P] h-> [P] which forgets the symplectic structure. W is a functor from rings to abelian groups. For more details one is referred to [6] or [18] . LEMMA 5.7 (C. Weίbel and R. G. Swan) 
. Let i = ΛφΛ0 be a graded ring and F a functor on rings. If the natural map induces an isomorphism F(A) -> F(A[T]), then the natural map A o -> A also induces an isomorphism F(A Q ) -» F(A).
Proof. Define /: A-+ A[T] by /:
Σa.-^Σa.T. 
By hypothesis the two maps F(A[T])-> F(
W(R[T]). A is a graded ring with
By a result of Vaserstein [6, p. 7] , there is a natural map
:SL (3, R)\U,(R) >W(R)
which is For these rings K 0 (A) ^ Z. Since this does not depend on the field k, by an argument similar to that of Theorem 4.3 we see that all finitely generated protective A [X lf , JSΓJ-modules are stably free. So these rings provide many examples of nonnormal rings for which NK 0 (A) = 0.
We note that even though these rings are not normal, they are "power closed" in the sense that if / is in the quotient field of A and f n eA for all large n, then actually f eA. This condition is in fact necessary, for if A is not "power closed", then Pic (A) -• Pic (A [T] ) is not an isomorphism (see Example 5.1).
One can also see that NK Q (A) = 0 for the rings of Proposition 6.1 by using the Mayer-Vietoris iί-theory sequence for NK t and NK Q ([14] ). So the rings of Proposition 6.1 are precisely the nonnormal affine subrings of k [X, Y] 7. The general case* One can ask if these results generalize to more general subrings of k [X, Y] . This is studied in more detail in [1] or [3] 
